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JONATHAN D. AXTELL 

Abstract. We continue the study of the vertex operator algebra L(k, 0) associated to a type 
6*2^'' afRne Lie algebra at admissible one-third integer levels, k — —2 + m + | (m G Z>o, i — 1,2), 
initiated in [3]. Our main result is that there is a finite number of irreducible 0)-modules 
from the category C The proof relies on the knowledge of an explicit formula for the singular 
vectors. After obtaining this formula, we are able to show that there are only finitely many 
irreducible j4(I/(A:, 0))-modules form the category O. The main result then follows from the 
bijective correspondence in A(V)-theory. 



Introduction 

In this paper, we continue the study of vertex operator algebras associated to a Lie algebra of 
type g'^^ at admissible one-third integer levels, which was undertaken in [3]. We briefly recall 
the formulation. 

Vertex operator algebras (VGA) are mathematical counterparts of chiral algebras in conformal 
field theory. An important family of examples comes from representations of affine Lie algebras. 
More precisely, if we let q be an affine Lie algebra, the irreducible g-module L{k, 0) of highest 
weight A:Ao, A; S C, is a VGA whenever k ^ —hy, the negative of the dual Coxeter number. 

The representation theory of L[k, 0) varies depending on the values k £ C If A; is a positive 
integer, the VGA L{k, 0) has only finitely many irreducible modules which coincide with the 
integrable highest weight g-modules of level k, and the category of Z_|_-graded weak L{k, 0)- 
modules is semisimple. For generic A; G C, however, the behavior is much different. (For example, 
see [12^ I13j.) Yet for certain values € Q satisfying k + fi^ > 0, the category of weak L(k,0)- 
modules which belong to the category O as g-modules has structure similar to the category of 
Z4_-graded weak modules for positive integer values. Such values A; € Q are called admissible 
levels. This notion was defined in the works of Kac and Wakimoto [9l [TO] . 

Several cases have been studied in varying degrees of generality. In [1], Adamovic studied the 
case of admissible half-integer levels for type Ci^\ The case of all admissible levels of type A^'^ 
has been studied by Adamovic and Milas in [2j, and by Dong, Li and Mason in [5]. More recently 
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in \16\ I17j. Perse studied admissible half- integer levels for type A^^ and B^^^ In [3], the author 
and Lee studied admissible one-third integer levels for type ^2^^ . 

In this progression, a fundamental role is played by the ^(y)-theory. The associative algebra 
yl(y) attached to a vertex operator algebra V was introduced by Prenkel and Zhu in [71 I18j . 
where it was shown that irreducible Z+-graded weak ^/-modules are in bijective correspondence 
with irreducible A(y)-modules. In the affine case, it is useful to consider the restriction of this 
correspondence to the subcategories listed in the following diagram: 



L{k,0) 


A{L{k,0)) 


{Z+-graded weak modules} 

Ul 

{Weak modules from the category O} 
Ul 

{Modules} 


{Modules} 

Ul 

{Modules from the category O} 
Ul 

{Finite dimensional modules} 



The set of isomorphism classes of irreducible objects from each category on the left-hand side is 
in bijective correspondence with the classes of irreducible objects from the respective category 
on the right-hand side. If /c is a positive integer, then L{k, 0) is a rational VOA. Hence there is 
no difference between modules and Z+-graded weak modules (see [E]), and the three categories 
of modules collapse to a single category. 

For non-integer admissible levels, however, there is a distinction. While there are infinitely 
many classes of irreducible Z_|_-graded weak modules, it was shown for all cases considered in the 
works mentioned above that there is only a finite number of classes of irreducible weak L{k, 0)- 
modules from the category O. Furthermore, it was conjectured in [2] that such modules are 
completely reducible for all admissible levels k. I.e., it was conjectured that the vertex operator 
algebra L(k, 0) is rational in the category O. This was also verified in most of the cases considered 
above. In particular, it was shown in [3] that L{k, 0) is rational in the category O for admissible 
levels, k = — |,— |,— |, for type 

In this paper, we show there are only finitely many irreducible weak L{k, 0)-modules from the 
category O for all admissible one-third integer levels, k = — 2 + m-|- 1 (m G Z>o, i = 1, 2), for type 
G^2^ . By a result in [9j, L{k,0) is the irreducible quotient of a generalized Verma module with 
maximal ideal generated by a vector v^- The method of classification using Zhu's theory requires 
an explicit formula for this singular vector. While this formula was verified by direct calculation 



VOA ASSOCIATED TO TYPE G AFFINE LIE ALGEBRAS 



3 



in [3], the number of computations involved increases rapidly as k increases. For levels A: > — |, 
an alternative approach seems necessary. 

Results in [HI [9] guarantee the existence of a singular vector Vk belonging to a certain weight 
space in the generalized Verma module. As it turns out, the defining properties of a singular 
vector together with this weight condition are quite strong. We will find a formula for Vk by 
describing the set of vectors which satisfy all such conditions. Exploiting an isomorphism between 
the generalized Verma module and a universal enveloping algebra, we begin in Section 2 by 
transferring some of the conditions for to this associative algebra. In particular, it will follow 
from Lemma 12.211 that Vk is the image of a monomial of certain elements u,v,w in the algebra. 
This greatly simplifies our computations, and in Section 3, we complete the description of the 
singular vectors (see Proposition 13.31 and Theorem 13. 12p . 

We then use the singular vectors to obtain information about the representation theory of 
A{L{k,0)). By considering certain polynomials in the symmetric algebra of the Cartan subalge- 
bra, we prove in Section 4 that there are only finitely many irreducible ^(-L(A:, 0))-modules from 
the category O for each admissible one-third integer level, k = —2 + m + |. Our main result. 
Theorem 14. 7^ which states that there are only finitely many irreducible weak L(k, 0)-modules 
from the category O, then follows from the bijective correspondence in yl(y)-theory. 

Acknowledgments. The author wishes to thank K.-H. Lee and A. Feingold for helpful conver- 
sations and encouragement. 



In this section, we collect several facts needed in the remainder. We retain the notation given 
in the previous paper The reader may refer to the preliminary section of that paper for 
definitions and further references. 

Given an affine Lie algebra g, recall that g± = g ^ t^^C[t^^]. Let and S{-) denote 
the universal enveloping algebra and symmetric algebra, respectively. The adjoint action of the 
finite-dimensional Lie subalgebra g on g is locally finite and leaves g± invariant. We thus have a 
corresponding locally finite action of g on U{g) (resp. 5(g)) which restricts to an action on U{g±) 
(resp. iS(g-i-)). From results in [4j, it may be seen that there is an isomorphism of g-modules, 
u} : 5(g_) = U{g-), defined by setting 



1. Preliminaries 



(1.1) 




•n 



4 



J. D. AXTELL 



for Xi, . . . ,Xn € 0-, where Sn is the symmetric group. Note here that we will generally use 
upper case letters (e.g. X, Y , etc.) for elements of a Lie algebra and lower case letters (e.g. x, 
y, etc.) for elements of an associative algebra. 

Given n i)* and k C, recall that the generalized Verma module 

is the 0-module induced from the irreducible g-module V{fi), where 0+ acts trivially and K acts 
as scalar multiplication by k. The vacuum module N(k,0) is a VOA whenever k ^ —hy. 

Since the adjoint action of g leaves the subspace g0C-fC©0_|_ C g invariant, we have an induced 
action of g on A^(A:, 0). Furthermore, there is an isomorphism ip : IA{q-) = N{k, 0) of g-modules, 
given by 

(1.2) ^{x) = x.l (xeUiQ^)), 

where 1 G N(k, 0) is the vacuum vector. 

Algebras U{q-) and 5(g_) are both naturally graded by the affine root lattice Q: 

U[q.) = 0Z^(0_)(^), 5(g_) = 05(g_)(^). 

On the other hand, N{k^ 0) is graded by the coset kKo + Q ^\)*: 

A^(fc,0) = 0iV(A;,O)(fcAo+7)• 
7GQ 

Additionally, these gradings are all compatible with the respective g-module action. Let wt{-) 
denote the weight of an homogeneous element with respect to any of the above gradings. The 
isomorphism u : 5(g_) — )■ U{q-) preserves the grading: if x € 5(g_) is homogeneous, then 

(1.3) wt(ijj{x)) = wt{x). 

While for the isomorphism (p : U{q-) — > N{k,0), we clearly have: if y € U{q-) is homogeneous, 
then 

(1.4) wt{ip{y)) = wt{y) + kAo. 

From now on, we assume that g is a Lie algebra of type ^2^^ Recall that the root vectors 
of the finite dimensional subalgebra g are denoted {Eij,Fij \ ia + jf3 G and that we write 

We will write 0^ = 2a + /3 to denote the highest short root in A. Recall from Lemma 2.2 of 
[3] that the vacuum admissible weights at one-third integer levels for type G^^ have the form 

Asm+i = (m - 2 + |)Ao (m G Z>o,i = 1,2). 



VOA ASSOCIATED TO TYPE G AFFINE LIE ALGEBRAS 



5 



The following lemma describes essential properties of the singular vector whose formula we 
seek. 

Lemma 1.5. Suppose m € Z>o and i G {1, 2}. Let X^m+i = ("i — 2 + |)Ao, /c = m — 2 + | and 
n = 3k + 7. Then there exists a singular vector € N{k,Qi) such that the maximal Q-submodule 
J{k,0) of N(k,0) is generated by v/.. Furthermore, satisfies the following properties: 

(PI) wt{vk) = kAo + ne"^ - n6, (P2) Eoi{0).Vk = 0, 

(P3) E^oiO).Vk = 0, (P4) Fs2{l).Vk = 0. 

Proof. From Lemma 2.2 of [3], we have: 

nU = {(^-^T,a\/5^}. 

It is implicit in Proposition 1.3 of [3j that the maximal submodule of the Verma module M^X^m+i) 
is generated by three nonzero singular vectors with weights 

respectively. For the first of these weights, we have by Lemma 2.2: 

rS-e^-Xzm+i = Xzm+i - {Xzm+i + P,{^ - ^^Y){^ - 

= A3m+i-(3m + i + l)(,5-0^) 
= Asm+j - n{5 - 6*^). 

While for the other weights, we have: 

Ta ■ Asm+j = Xzrn+i - {X^m+i + p,a^)a = X^m+i - «, and 

• Asm+i = Asm+i — (Asm+i + = Asm+i — /3, 

respectively. It is thus clear from the definition of N{k,Qi) that the singular vectors in M{X^rn+i) 
corresponding to the last two weights both map to zero under the natural projection onto N{k, 0), 
while the singular vector in M{X2,m+i) corresponding to the first weight must map to a nonzero 
singular vector, v^, of weight A;Ao + nO"^ — n6, which is property (PI). Since n+ is generated by 
the elements £'io(0), i?oi(0), and P32(l), the vector also satisfies properties (P2) — (P4) by the 
definition of singular vector. □ 

In Sections 2 and 3, we will describe the subspace of elements in N{k, 0) which satisfy properties 
(PI) — (P4) in the above lemma. For the first three properties (PI) — (P3) it will be convenient 
to work with the associative algebras U{q-) and S{q-). 
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The property (PI) says that Vk € N{k, 0)(kAo+n9'^-n5)j where n = 3k + 7. It fohows from ()1.4p 
that we must have = x.l, for some x £ U{n9'^ — n5). We may then consider the subalgebra 
C U{q-) defined by 

U0y_s= ^ Z/^(0-)(n6lV-„5). 

neZ>o 

It will also be convenient to consider the corresponding commutative analogue, Sgv_g C 5(g--), 
defined by 

= ^ '5(0_)(.„ev_„5). 

It is not difficult to see that u}{Sqv_^) = UQv_g. In Section 2, we will show that Sgv_s is a 
polynomial algebra in infinitely many variables, and we also describe the subalgebras of Sgv_g 
and Uq-^^s satisfying properties corresponding to {P2) and (P3). In Section 3, we use this 
information, along with the map : U{q-) N{k,0), to give a description of the subspace of 
N{k,0) satisfying all four properties (PI) — (P4), yielding the desired formula for the singular 
vector. 



2. Subalgebras related to singular vegtors 
In this section we first describe each subalgebra of S{q^) in the sequence 

(5ev_5)"+ c (Sev^s)" Q Sgv_s c 5(0_), 

corresponding to the properties (PI), (P2), and (P3) of Lemma ll.5l respectively. We will then use 
these descriptions together with the fact that {Sgv_s)"+ = {ly(gv_s)"+ to describe the subalgebra 

We fix the following ordered basis of q: 

(2.1) Esi, E21, Ell, EiQ, Eqi, Hqi, Fqi, H21, Fio, Pn, P21, P3I) ^32)- 

We have used H21 = {2a + /3)^ (= 2Hio + 3Hqi) in the above list so that our basis can be 
partitioned into subbases for invariant subspaces of the s[2-triple 

= CPoieCi^oieCPoi. 

Let us fix a basis for 0_ which consists of the set of all X{—n) such that X is a basis element from 
(|2T|) and n > 0. This basis is ordered so that X{-n) < X'{-n) if X < X' , and X{-m) < X'{-n) 
whenever m < n. Let Bpbw denote the corresponding PBW basis of Z^(0_), which may also be 
considered a basis for 5(0_). 
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The following subsets form a partition of the g-basis ()2.ip : 

-B^ = {-E32, -E^3i}i -B^ = {-£^21}, -B^ = {£'11, £'10}, B"^ = {Eqi,Hqi,Fqi}, 

B' = {H2i}, 5^ = {Fio,Fii}, b'' = {F2i}, B^ = {F;i,F32}. 

We may similarly decompose the basis for g_ as the union of the following subbases: 

= {E32{-j),E3i{-j)}, Blj = {E2i{-j)}, Bl^ = {En{-j),Eio{-j)}, 

Bt^ = {Eoi{-j),Hoi{-j),Foi{-j)}, B^j = {H2i{-j)}, B% = {Fio(-j), Fn (-j)}, 

Blj = {F2i{-j)}, Btj = {F3i{-j),Fs2{-j)} (jGZ>i). 

Together these collections give decompositions, 

= Spane(i?*) and g_ = Span^iBl^), 

ie{l,...,8} iG{l,...,8} 

of g and g_, respectively, into irreducible g/3-submodules. 

In the case of the symmetric algebra, the PBW basis may be partitioned into subbases of 
invariant subspaces for the action of on 5(g-_). 

Definition 2.2. A (3-string is a set B C 5(g_) of the form 

B = B'l^B^^ ■ ■ ■ B^l^^ = {X1X2 ■■■Xt\Xi(^ b'I-^ for / = 1, . . . , t}, 

where ii, . . . ,it £ {1, . . . , 8} and ji, ■ ■ ■ ,jt G ^>i- A /3-string with only one factor is called a 
simple f3-string, and the set {1} containing the identity is a trivial /3-string. 

The collection of all /3-strings, B, forms a partition of Bpbw, and we have a decomposition 
of 5(g_) into g^-invariant subspaces: 5(g_) = (Bb Spanj-(i?). Now recall the subalgebra Sg^^g 
introduced in Section 1. It is not difficult to see that 

^ev-^ n BpBW = {y ^ BpBW I wt{y) = nO^ — n6, for some n G Z>o} 

forms a basis of Se^^g. This basis may similarly be partitioned into subsets Sg^s f] B. In the 
next lemma, we will explicitly describe each set Sqv _5 n -B corresponding to an arbitrary /3-string 
B. In order to give this description, it will be convenient to factor out the largest power of B^^ 
from a /3-string: we say B = B'^j^ ■ ■ ■ B^^^^ has no B^^-factors if B^J^j^ ^ B^^ for I = 1, . . . ,t. 

Given a /3-string, B = B^2j-^ • • • B'^j^, with no Si^^-factors and an element y = yi • • • yt ^ B , 
with yi € B^lj^ = 1) • • • > we write 

(2.3) mi{y) = mi{yi) ^ h mi(yt) (i = 1, 2) and n{y) = n{yi) ^ Vn{yt), 
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/3-string 


y 


mi 


m2 


n 




^32 (-i - 1) 


3 


i + 1 


3j 




^3i(-i-i) 


J + 1 








£^21 (-i) 


3 


i 


3j-2 




Eii{-3) 


3 


j + 1 


3j-l 




Eioi-j) 


J + 1 






Bt^ 


Eoii-j) 


3 


i + 2 


3i 




Hoi{-j) 


3 + 1 


i + i 






Foi{-j) 


J +2 


i 


7? 



^-string 


y 


mi 


m2 


n 




^21 (-j) 


J + 1 


J + 1 


3j 




i"io(-j) 
Fn{-j) 


J + 1 
J + 2 


J + 2 
J + 1 


3j + l 




F2i{-3) 


J + 2 


J + 2 


3j + 2 




Fsii-j) 

F32i-j) 


J + 2 
J + 3 


J +3 
J + 2 


3j + 3 



Table 1. Values of mi,m2,n for simple /3-strmgs B'^_ - ^ B^^ {j £ Z>i). 



Se^_sn{iB'_,rB) 



where the integers mj(yi), . . . ,mi{yt) and n{yi), . . . ,n{yt) are given in Table [H We also write 
m{B) = mi{y) + m2{y), which is well-defined since, from (j2.3p and Table [H mi{y) + m2{y) = 
mi(y') +m2{y') for y,y' G 5. 

Lemma 2.4. Suppose B = B'^^^ ■■■B^2.j^ is a j3-strmg with no B^^-factors, and let m € Z>o. 
Then 

{S32(-l)'"i(^)£;3i(-l)'"2(y)y I y G 5} i/m = m(S) 

oi/ieraise. 

Furthermore, Sgv_g is a polynomial algebra with an infinite number of generators. 

Proof. Let y £ B and suppose wt{y) = c\a + C2/3 + cs^ for some Cj G Z = 1, 2, 3). We wish to 
determine for which integers, mi,m2,n G we have 

wtiE32{-ir'Esi{-ir^ -y) = ne'^-nS, 

which is true if and only if 

(2.5) mi{3a + 2P-6) + m2{3a + P - 5) + €10 + 02^ + 036 = n{2a + (3 - 6). 

By comparing the coefficients of a,/3, and 6, respectively, on both sides of ()2.5p . we may obtain 
the system of equations: 

(2.6) 3mi + 3m2 — 2n = — c\ 

2mi + 7712 — n = — C2 
—mi — m2 + n = — C3 
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This may be regarded as a system of three equations in three unknowns corresponding to 
mi,m2,n. Thus the system has at most one solution. 

Using Table[T]and the formulas (|2.3p . we see that setting m-j = ?n,j(y), for i = 1,2, and n = n{y) 
yields a solution to the equation such that mi + m2 = m{B). We have thus arrive at the unique 
solution to the system, proving the first statement of the lemma. To verify the second statement 
of the lemma, notice that the set 

{^32(-l)"i(*')^3i(-l)'"'^^^y I y belongs to a simple /3-string B / ^ij C Bpbw 

forms an algebraically independent set of generators for Sq-^^s- D 

Let B = B'^^j_^ ■ ■ ■ be an arbitrary /3-string. Recall that SpancS is a g^-invariant space. 
We may then define constants c{y, y') G C, for y, y' € B, by the equation 

Em.y = ^ c{y,y') y . 

y'dB 

These coefficients define a partial order on B. First define a covering relation, h, by y' h y if 
c(y, y') 7^ 0. Then define a partial order, <, by setting y <y' \i there exist elements yi, . . . ,yt £ B 
such that y' = yt\- yt_i \- ■ ■ ■ h yi = y. 

Remark 2.7. Let B ^ B^^ be a simple /3-string. Then B has a unique minimal element, 
y_ = y-{B), with respect to the partial order <. It is clear from Table[T]that m2{y') = m2{y) + 1 
whenever y' h y {y,y' € B), and y_ may be characterized as the unique element of B for which 
the value of m2{-) is minimized. It is also easy to check from Table [1] that m2{y-{B)) = if 
B € {B^i,B^i,B^i,Bl2}, and m2{y-{B)) > for all other simple /3-strings B / Bl^. 

In general, suppose B = B''_}-^ . . . B^_^-^ is a /3-string with no Si^^-factors. If we write yL = 
y-{B^^-^) {I = 1, . . . then it follows from the definition of the adjoint action of g on 5(0-) 
that 

y_ = y-{B) = ylyl-'-yt 

is the unique minimal element oi B. It follows from (j2.3p and the previous paragraph that we 
also have 

(2.8) mi{y') = mi(y) — 1 and m2{y') = m2{y) + 1, whenever y' \- y {y,y' € B), 

and y- may be characterized as the unique element of B for which m2{-) is minimized. Addition- 
ally, it may also be checked that m2{y-{B)) = if and only if B = {B\y {B^_^Y {Bt^f {B^^f 
for some {p,q,r,s) € (Z>o)^. 
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In the remainder, we fix the fohowing elements of S{q-). Set 

a = E2ii-l), b = E3i{-l)Eui-l) - ^32(-l)^io(-l), 

c = S3i(-l)'^oi(-l) - £;32(-l)^3i(-l)i^oi(-l) - ^32(-l)'i^oi(-l), and 

t/; = ^3l(-l)^32(-2) - ^32(-l)^3l(-2). 

Also, let 

u = ^a^ — b, and v = — ab — 3c. 

Using the same formulas, we may also define elements of U(q^), which are again denoted 
a, b, c, u, V and w. The context should make it clear to which algebra the symbols belong. 

Now write Bp^g^r,s = {B\Y {B^_^Y {Bt^f {B^^f for p,g,r,s G Z>o. It follows from and 
the proof of Lemma 12.41 that m{Bp^q^r,s) = q + 2r + s, and one may check that 

(2.9) a^b'^c'w' G Spanc{(i?ii)^+2^+^i3p,,,.,J 

for p,q,r,s £ Z>o. 

Lemma 2.10. Let (Sq^j^s)^ denote the subalgebm ofSgv_^ consisting of elements invariant under 
the adjoint action of Eqi. Suppose B is a /3-string with no B^^-factors. Then 



o / 1 \ \ Ca^b'^c^w'^ if B = B„or s, for some (p,q,r,s) £ (2 

iSev.sfnSpanc(iBl^r'-^^B] = l "^''" '^ v/^,y, v 

I otherwise. 
Furthermore, {Sg--j^s)^ "is a polynomial algebra with generators a,b,c,w. 
Proof. Let B = B^^j_^ . . . B"^^-^ be a /3-string with no Si^^-factors, and suppose 

/ G {Se^.s? n Spanc ({bI^T^^^b] 



Then by Lemma [27 

f = Y, d{y)E;2{-ir'^y^E:,,{-ir^^y^y, 

y€B 

for some coefficients d{y) G C. Since [£"01, £"31] = —E32 in 0, we may compute: 



(2.11) £01./ = -Yl d{y)m2iy)Es2{-ir''^^^+'Es,{-ir^^y^-^y 



yeB 



+ Y,d{y)m2{y)E;2{-ir^^y^E^,{-ir^^y^ c{y,y')y' 

yeB \{y'eB\y'hy} 
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By ()2.8p . if y' h y, then mi{y) = mi{y') + 1 and m2{y) = m2{y') — 1. Rewriting each sum in 
terms of y' € B, the equation ()2.1ip is then equivalent to: 

Eoi.f = -Yl d{y')m2{y')E32{-ir'^y'^^'E3,{-ir^^y")-'y' 
y'&B 

y'GB\{y_} \{yeB\y'hy} J 

We thus see that i?oi-/ = if and only if the following two equations are satisfied: 

(2.12) -d{y')m2{y') + Yl d{y)c{y,y') = {y' e B\{y^}) 

{y&B\y'hy} 

(2.13) d{y^)m2{y^) = 

From Remark 12.71 it follows that m2{y') > for all y' € -B\{y_}. We may thus solve (j2.12p 
in terms of d{y'), and we see that d{y') is linearly dependent on the coefficients d(y) for which 
y' h y. This fact may then be used recursively, for all y" ^ y', to show that d{y') = C d{y-) for 
some constant C G C which depends only on the integers m2{y) and c{y,y') {y,y' € B). Thus, 
we have: 

(2.14) dimc{{Se^-sfn Spauc ((i3ii)'"(^)i?) } < 1. 

Now recall that aPb'^d'w^ G Spanc(-Bp,g,r,s) for {p,q,r,s) G {Z>q)^. The elements a,b,c,w 
belong to S0v_g since: 

wt{a) = e'^ -5, wt{h) = 29'^ - 26, wt{c) = wt{w) = 30^ - 36. 

One may also see that a, b,c,w ^ {S0v_s)^ by checking that: Eoi.a = EqiM = Eqi.c = Eqi.w = 0. 
It thus follows that the dimension in ()2.14p is equal to 1 when B = Bp^g^r,s for some {p, q, r, s) G 
(Z>o)^. 

Remark 1 2 . 71 also shows that rn-2(y-) = if and only ii B = Bp^gr^s for some (p, q, r, s) G (Z>o)^. 
From the second equation (|2.13p above, we see that d{y^) = whenever m2{y-) > 0. Hence, if 
B 7^ Bp g^r.s for any (p, q, r, s) G (Z>o)^, then the dimension in (|2.14p is 0. This shows the first 
part of the lemma. 

From (12.91) and the fact that /3-strings partition BpBW, it follows that 

{aP6^c'''w'* \ P,q,r,s £ Z>o} 

is a linearly independent set. Thus {o, b, c, w} is a set of algebraically independent generators for 
a polynomial subalgebra of {Sgv_g)^. Finally, it follows from the first part of the lemma that 
a,b,c,w in fact generate the entire algebra {S0v_s)^. □ 
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Lemma 2.15. The subalgebra {Sgv_s)"+ of Sgv_s, consisting of elements invariant under the 
adjoint action o/n+, is a polynomial algebra with generators u,v,w. 

Proof. Since the Lie algebra n+ is generated by Eiq and Eqi, the algebra {Sgv_s)"+ consists of 
all elements / G Sgv^g which are invariant under the adjoint action of both Eiq and Eqi. By 
Lemma l2.im it is clear from their definition that u,v,w belong to (Sqv^s)^ ■ One may check that 

EiQ.a = -3^3i(-l), EiQ.b = -2E3i{-l)a, 

EiQ.c = £'3i(— 1)6, and Eiq.w = 0. 

These equations may be used to show Eiq.u = Eiq.v = Eiq.w = 0, and thus u,v,w € {Sq'^-sY^ ■ 
Since u = — b,v = — ab — 3c, and the elements a, b, c, w are algebraically independent in 
the elements u,v,w are also algebraically independent in 5(g_). 
Now suppose / E {Sgv_g)^+ . We must show that / is a polynomial in u, v, w. We may assume 
that / is homogeneous with respect to the Q-grading, say wt{f) = n{6^ — 6). Since E^i.f = 0, 
it follows from Lemma 12.101 that 

p+2q+3r+3s=n 

for some constants Cp^q^r,s G C. Since Eiq.w = 0, it is sufficient to consider the case where 
Cp,q,r,s = whenever s > 0, and we write Cp^q^r = C'p,(j,r,o- 

Next, by assumption EiQ.f = 0, and we expand this equation as follows: 

EiQ.f = Yl Cp^q,rEiQ.{aP¥c') 

p+2g+3r=n 

(2.16) = Cp,q,r{'l){-m3i{-l)a^-'b^c' 

p+2q+3r=n 

+ E Cp,q,r{l){-2)E3,{-l)aP+'b'^-'c' 

p+2q+3r=n 

+ E Cp,q,r{l)Esi{-l)aPb^+'c'-' 

p+2q+3r=n 

= 0. 

Now the set 

{aP' b'^' c''' E3i{-1)\ p,q',r' G Z>o and p +2q' + 3r' = n - 1} 

is linearly independent. Upon setting the coefficient of each a^ W c*" £^31 (—1) equal zero in ()2.16p . 
we obtain the equations 

(2.17) - 3{p + l)Cp'+i^q'y - 2{q + l)Cp'-i^g'+iy + {r + l)Cp'^q'-iy+l = 
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for p' + 2q' + 3r' = n — 1, where we set Cp'^q'y = whenever p' ,q' , or r' is negative. 

After setting p = p' + 1, q = q' , r = r' in (I2.17p . we may rewrite the equations as fohows: 

(2.18) 3p Cp,g,,. = 2p Cp_2,g+i,r - (^^ + l)Cp_i,g_i,r-+i {p + 2q + 3r = n). 

We may then use (j2.18p recursively to write each of the variables Cp^q^r, with p > and q,r > 0, 
as a linear combination of the variables Co^q^r, with 2q+3r = n. Hence the number of independent 
solutions to this system is at most the number of ways, d{n), to partition n into n = 2q + 3r : 



(2.19) d{n) 



j if n is even 

\ if n is odd, 

where [-J is the greatest integer function. On the other hand, there are d{n) independent solutions, 
/, to the system (I2.18P given by the linearly independent set 

(2.20) {f = u%''\2q + 3r = n}, 

since wt{u'^v^) = n{9^ — 6) whenever 2q + 3r = n. Hence, (j2.20p gives all d{n) solutions to the 
system, and any solution / to (j2.16p must be a polynomial in u, v, which is what we needed to 
show. □ 

We now give the final lemma of the section. Recall that u, v, w may also be regarded as 
elements of Z//(0_). 

Lemma 2.21. The subalgebra {U0^^sY+ oflAe-^s, consisting of elements invariant under the 
adjoint action ofn+, is generated by 1 along with the elements u,v,w. 

Proof. Recall the Q-gradings of 5(g_) and U{g-). We have 

(50v_5)"+ =5°e5ie52e.-- (resp. {Ugv_sy+ = U^ (BU^ e ■ ■ ■), 
where we set 

5" = (5ev_5)"+ n5(g_)(„ev_„5) (resp. = [Ue^^sT^ n^/(g_)(„ev_„5)) 

for n € Z>o. Since the map oj : 5(g_) — > U{q-) is a g-module isomorphism, it follows from (jl.3p 
that both 

(2.22) OJ ((5ev_5)"+) = {Ug-^^sT+ and a;(5") = iY" (n G Z>o). 
Using (jl.ip . we may check that 

(2.23) uj{u) = u, uj{v) = V — 3w, and u){w) = w. 
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From Lemma l2.15t we have 

<S" = Span^lu^v'^'w^ \ P^Q^''' & Z>o; 2p + 3q + 3r = n}, 
and it follows from (|2.23p that 

U"" 5 Span^lu^v'^w^ I 9; S ^>o; 2p + 3q + 3r = n}. 

From (j2.22p . it is thus sufficient to show that the subset {u^v'^w^ \ p,q,r G Z>o} C (Uq^^s)"^ is 
linearly independent. 

Consider BpBW as a basis for U{q-). For each y G BpBW, let vTy : Z//(g_) — Cy denote the 
projection which maps y to itself and all other basis elements to zero. For each (p, q, r) € (Z>o)^, 
we may find an element y{p,q,r) € BpBW such that the following holds: p',q',r' G Z>o and 
r' > r, then 

(2.24) 'Ky(^p^q^^^{uF v'^ ) 7^ 0, if and only if p = p, q = q, and r' = r. 
For example, if we let 

y{p,q,r) = Esi{-ir+^'^+-Eui-irEo,{-l)'^Es2i-2y G Bpbw 

for each {p,q,r) G (Z>o)^, then (12.24P is satisfied. 

Thus, let us fix elements y{p,q,r) G 0p,g,r which satisfy p.24p . and write iTp^g^r = '^y{p,q,r) ^oi 
each {p,q,r) G (Z>o)^. Then suppose we have an equation 

(2.25) Cp,^q,,,, vP'v'^vf' = 0, 

p',g',r'eZ>o 

where Cp'^g'y G C are constants of which only finitely many are nonzero. After applying the 
projection iTp^gfi to both sides of the equation (j2.25p . we obtain the equation Cp^qfivPv'^ = 0, 
whenever p,q £ Z>o. Hence Cp^gfi = for all p,q & Z>o- We may then proceed in a similar fashion 
to show by induction that Cp^q^r = for all p,q,r G Z>o. Therefore {u^v'^w^ \ P,Q,''" ^ ^>o} is a 
linearly independent subset of {ly(gv_s)^+. □ 

3. Formula for the singular vectors 

Let k = —2 + m + I for some m G Z>o and i G {1, 2}, and let n = 3/c + 7. It follows from 
Lemma [1.5l that there exists a singular vector in N{k,0) which generates the maximal submodule 
J{k, 0) and satisfies properties (-PI) — (-P4) of the lemma. In this section, we will describe the 
set of elements in N(k, 0) which satisfy all four of these properties, and this description allows 
us to give a formula for the singular vectors. 
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Suppose first that vq G N{k,0) satisfies the three properties (PI) — (-P3). I.e., suppose that 

vo G (iV(A:,0)(fcAn+„ev_„5))"+ . 
Since the map (p : U{g-) — )• N{k,0) is a g-module isomorphism, it fohows from (II. 4p that 

vo = f.l, for some / G (i^(0-)(„ev_„5))"+ . 
From Lemma 12.21 1 we thus have 

(3.1) V0= Yl Cp,q,r UPVV .1, 

p,g,reZ>o 

for some constants Cp,q,r G C, such that Cp,q,r ^ only if 2p + 3q + 3r = n. 

Now if vq G -/V(A;, 0)(fcAo+nev_n5) is a singular vector, then it must satisfy all four of the 
properties (-P1) — (f 4). In this case, we are able to explicitly determine the coefficients appearing 
in ()3.ip . For the purpose of classification using Zhu's theory, however, it is only necessary to 
compute a certain subset of these coefficients. Recall from Proposition 1.5 of [3] (see also \7\) 
that we have an isomorphism F : ^(A'^(A;,0)) — )• U{q), given by 

(3.2) F{[aii-ni -!)■■■ a„(-n^ - 1)1]) = (-l)"i+-+«™ai ■■■am, 

for oi, ttm G Q and ni, G It is then clear from the definition of w that F{[fw.l]) = 
for all / G U{q-). Hence, it is sufficient to only compute the formula for a singular vector modulo 
the subspace 1/{{q^)w.1 C N{k,0). I.e., we need only to compute the coefficients of the form 
Cp,qfl appearing in (13. ip . 

We now give a formula for singular vectors modulo U{q-)w.1. In the proof we make use of the 
notation and lemmas provided in Appendix A. 

Proposition 3.3. Let k = —2 + m + | for some m G Z>o and i G {1, 2}, and let n = 3k + 7. 
Suppose that vq G A^(A;, 0)(fcAo+nev~n<5) is a singular vector. If n is even, then 

d{n)-l 

vo= 6jn"/2-3j\,2i modU{Q-)w.l, 

j=0 

where d{n) is the same as in 112. 19\) . bo G C\{0}, and 

r)j in/2\ /n/2-3\ /n/2-3i+3\ 

(3.4) b,= ^'>^ '^^1^.-^^ ' h o (, = l,...,d(n)-l). 

If n is odd, then 

d{n)-l 

vo= Yl bjU^''~^'>/^-^^v^+^^.l modUCQ-)w.l, 

3=0 
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where bo G C\{0} and 



2i(("-3)/2^(("-3)/2-3^ . . . ({n-3)/2~3j+3^ 
3^(2j + l)! 



(3.5) bj= ' ' J^^^ ? % 0- = l,...,d(n)-l). 



Proof. The definition of a singular vector guarantees that n+.t>o = 0. Since n+ is generated by 
the elements Sio(O), E'oi (0), ^32(1) G 5, we must have Eio{0).vq = ii^oi(0).'Uo = -^32(l)-?^o = 0. 
Since -E'io(O) and -Eoi(O) together generate n+, it follows from (j3.ip that 

p,(j,reZ>o 

for some constants Cp^q^r G C. Rewriting the equation F32(l).fo = 0, we then have 

(3.6) Yl ^32(1). iuPy'^w'-.l) = 0. 

Next, for each {p',q') G (Z>o)^, let us apply the projection TTp/ ^/ from Appendix A to both 
sides of the equation (|3.6|) . By Lemma [A. 71 we obtain the equation 

V,5'(^32(l).^^o)= -2Cp,+2,,',o (-1)^'+'^' 3^' (P'f )?/(/, g').l 

(3.7) + 6 Cp,_i,,,+2,o(-l)^'+^'3'''(^'2+')2/(y,(z').l 

= 0. 

Rewriting ()3.7p we thus have 

(_l)p'+5'39' (^_2 Cp,+2,,',o (^'2+V6Cp'-i,<?'+2,o(''r))y(p',9').l = 0. 
Hence, for each {p',q') G (Z>o)^, we have 

(3.8) Cp/+2,g',0 (^ 2"^) = 3 Cp/„i^g/+2,o('^ ^^). 

Substituting p = p' + 2 and g = g' in (|3.8|) . we obtain the recurrence relation 

(3.9) C'p.g.o (2) = 3 Cp_3,g+2,o('^2^) 

for the coefficients of vq. 

Since wt{vo) = /cAq + n9^ — n5, it follows that wt{vPv'^w''') = nO"^ — nS whenever Cp^q^r 7^ 0. 
Notice also that vq = J2p qCp,q,ou^'v'^ ^ mod 1/{{q^)w.1. As in the proof of Lemma [2.151 we see 
that there are d{n) distinct monomials of the form u^v'' such that 2p + 3q = n. We may thus 
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write 



(3.10) 



' d(n)-l 

hj n"/^"^-'t>^-^ .l if n is even 

i=o 

d(n)-l 

bj n("-3)/2-3i^;2i+l_j ^ -g Q^^^ 



mod Z/^(g_)t(;.l, where 6j = Cn/2-3j,2j,o (resp. bj = C(„_3)/2-3i,2i+i,o) if is even (resp. odd), 
for j = 0, . . . , d{n) — 1 . 

Rewriting the recurrence relation (j3.9p in terms of the coefficients bj, we obtain: 



(3.11) 



/(n-3)/2-3j+3' 



3(%^^) 



if n is even 



bj if n is odd, 



for j = l,...,(i(n). Since 7^ by the definition of a singular vector, we must have 6o £ 
C\{0}. We may then obtain the desired formulas ()3.4p and (13.50 for coefficients bj by using 
p.lip recursively for j = 1, . . . , d{n) — 1. □ 

Theorem 3.12. Let k = — 2 + m + | for some m G Z>o and i G {1, 2}, and /ei n = 3A; + 7. T/ien 
there exists a singular vector Vk € N{k,0), such that Vk generates the maximal ideal J{k,0) of 
N{k,0) and 

f d{n)-l 

bju"^'^~^^ v'^-' .1 if n is even 

j=0 
d{n)-l 

^ 6jn("'3)/2-3i^i+2i_j -j^ ^^^^ 

mod U{q-)w.1, where bo = 1 and bj (j = l,...,d(n) — 1) are given by formulas fi3.4\ ) and 
is. 5\) .respectively. 



Vk 



Proof. The existence of a singular vector Vk € N{k,0), with the properties that wt{vk) = kAo + 
710^ — n5 and Vk generates the maximal ideal J(k,0), follows from Lemma ll. 51 Then Vk satisfies 
the conditions of Propostion 13.31 the theorem follows by setting b^ = 1 in formulas ()3.4p and 
()3.5p . respectively. □ 

Now we consider the image of the singular vector Vk under Zhu's map 

[■]:N{k,0)^A{N{k,0)). 
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In what follows, we will identify N{k,0) with IA{q ) via the map (f) from Section 1. Similarly, 
we identify A{N{k,{))) with hl{Q) using the map F, given in (13. 2p . As in we then have an 
induced map [•] : U{q^) — > U{q). We compute: 

[a] = £'21, [^] = E^iEii — [c] = -E|i-Eoi — E32E31HQ1 — E'^2Eoi- 

We also have: 

(3.13) [u] = l[af-[b], [v] = l[af - [a][b] - 3[c]. 



Since [w] = 0, we have the following from Proposition 13. 3t 

d{n)-l 

(3.14) [v,]= Yl 



d{n)-l 



i=0 

if n is even, and 

d{n)-l 

(3.15) [vk]= Yl h[4^-^^/^-''[v]'+'\ 

i=0 

if n is odd, where n = 3A; + 7 as before and the coefficients bi are given in (j3.4p and ()3.5p . 
respectively. 

The following theorem is now a consequence of Proposition 1.6 of ^ and Theorem 13. 121 

Theorem 3.16. Let k be an admissible one-third integer level, and let £ N{k, 0) be a singular 
vector of the form given in Theorem \3.1SX Then the associative algebra A(L(A;,0)) is isomorphic 
to U{Q)/Ik, where 1^ is the two-sided ideal ofU[Q) generated by [vk\- 



4. Irreducible modules 

Denote by l the adjoint action of U{q) on itself defined by Xif = [X, /] for X E g and 
/ G U{q). Let R{k) be the ^/(g)-submodule of ^^(g) generated by [ffc], where [v^] is given in (j3.14p 
and (j3.15p . respectively. Then R{k) is an irreducible finite-dimensional Z//(0)-module isomorphic 
to VinO^), where n = 3A; + 7. Let R{k)o be the zero- weight subspace oi R{k). 

Proposition 4.1. [1, 2j Let V{^) be an irreducible highest weight U(q) -module with highest weight 
vector for € f)*. Then the following statements are equivalent: 

(1) V{n) is an A{L{k,0)) -module, 

(2) R{k) • V{fi) = 0, 

(3) Rik)o ■v^ = 0. 
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Let r G R{k)o. Then there exists a unique polynomial pr € <S(f)), where 5(f)) is the symmetric 
algebra of i), such that 

r ■ =PrilJ')Vf,. 

Set 'P{k)o = {pr\r £ TZ{k)o}. We thus have: 

Corollary 4.2. There is a bijective correspondence between 

(1) the set of irreducible A(L{k,0)) -modules V{fi) from the category O, and 

(2) the set of weights /U € f)* such that p[fi) = for all p G V{k)Q. 

In the next Lemma, we make use of the notation and results from Appendix B. In particular, 
recah the PBW gradation: 5(f)) = ®JLoS{i)y. 

Lemma 4.3. Suppose k = —2 + m + | is an admissible one-third integer level and n = 3/c + 7. 
Let pi{H),p2{H) be the unique polynomials in V{k)Q which satisfy 

P2{H)^ ^{E^^FS^)l[vu] imodUiQ)n+), 

respectively. Then we have: 

(1) pi{H) = Ci ■ HwiHio -!)••• {Hio - n + 1) 

(2) p2{H) = C2 ■ HiiiHu -!)••• (^11 - n + 1), mod 5(f))^^ 
for some constants Ci,C2 G C\{0}. 

Proof. First notice from (I3.13p . (I3.14|) . and ()3.15p that [vk] is a sum of the form: 

(p,g,r)G(Z>o)3 (p,g,r)^(n,0,0) 

for some constants Cp^q^r £ C, such that Cn,ofi / and Cp^q^r = unless p + 2q + 3r = n. 
From Remark IB. 51 we have 

PiiH)=7ro{^{E-,F^,)L[vk]) 

and 

P2iH) = no{^{E^,F^2)L[vk]). 
Then from Lemma [B.4I and the fact that ttq : V{{q) — > 5(f)) is an algebra homomorphism, we have 

(4.4) pi{H) = Cn,o,oHw-{Hio-n + l) 

+ E ((n-vV.)^ ^^'' - n + 1) • • • (H.o - n + p) t:^ {{E^o' Fsi'nLimcY)) 
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and 

(4.5) P2{H) = Cn,o,oHu---{Hu-n + l) 

+ E - n + 1) • • • {H^, - n + p) t^o ((i?n '^3V')l([6]'^[c]^)) 

Then by setting m = n — p in Lemma IB. 61 we notice that 

in (j4.4p . whenever Cp^q^r / and {p, q, r) ^ {n, 0, 0). Again since ttq is an algebra homomorphism, 
it fohows that 

Pi{H) = CnfiflHw ■ ■ ■ (Hw - n + 1). 
This proves the first part of the lemma since C„^o,o 7^ 0. 

Similarly, using the definition of the PBW grading on 5(f)), we may again apply Lemma IB. 61 
to see that in the case of P2{H) we have: 

deg vro {{El^'F^-nLiWW)) <n-l, 
whenever Cp^q^r 7^ and {p, q, r) / (n, 0, 0). Thus we see that 

n-l 

P2{H) = Cnflfi ■ Hn{Hn -!)■■■ {Hn -n + 1), mod 05(t))^ 

j=0 

which completes the proof. □ 

Proposition 4.6. Let k be an admissible one-third integer level. Then there are finitely many 
irreducible A{L{k,0)) -modules from the category O. 

Proof. Since p{H) = Hiq{Hiq — 1) • • • {Hiq — n + 1) G Vq, any weight fi such that p{fi) = 
must satisfy /Uio G {0, 1, 2, . . . , n — 1}. By substituting any of these values for Hiq into the 
polynomial P2{H) we obtain a polynomial in a single variable, Hqi. From the second part of 
Lemma 14.31 it follows that the resulting polynomial of Hqi has degree n. Hence, it is nonzero 
and has only a finite number solutions. By Corollary 14.21 it follows then that the number of 
irreducible j4(A^(A;, 0))-modules is finite. □ 

From the theory of Zhu's associative algebra, we then have the following. 

Theorem 4.7. Let k be an admissible one-third integer level. Then there are finitely many 
irreducible weak L{k,0) -modules from the category O, for each admissible one-third integer level 
k. 
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Appendix A. 

In this appendix, we provide some lemmas which are necessary to prove Proposition 13.31 For 
the purpose of simpHfying computations, it wih be convenient to introduce the following subspace 
of N{k,Q). Define the C2-subspace of N{k,0) to be 

C2{N{k,0)) = Spanc{a(-2).6 \ a e Q,b £ N{k,0)}. 

This coincides with the subspace introduced by Zhu in [18]. 

It is not difficult to check that the C2-subspace satisfies the following properties. 

(A.l) U{Q-).C2{N{k, 0)) C C2{N{k, 0)) 

(A.2) w.l e C2{N{k,0)) 

(A.3) fg.l = gf. 1, mod C2{N{k,0)) (/, <? G ^^(O-)) 

The following lemma is also straightforward to verify. 
Lemma A. 4. Let fi, . . . , ft G ^(fl-) and X{1) = X (g) t G for some X £ g. Then 
X{l).{f,...ft.l) ^ J] /i ■■•/,... 

l<i<t 

+ E fl■■■f^■■■fJ■■■ft[[Xil),f^],fJ].l, 

^<i<j<t 

mod C2{N{k,0)). 

Next recall that we have the following equations. 
Lemma A. 5. [3j The following hold in U{q): 

[U,FS2{1)] = -{K+D ^io(-l) - ^3l(-l)i^2l(0) - |S2l(-l)Fll(0) 

+ Sii(-l)Foi(0) + ^io(-l)i^32(0), 
b,F32(l)] = -^32(-l)^10(-l)i^ll(0)-3^32(-l)i^0l(-l) 

+ |^3l(-2) + ^3l(-l)^ll(-l)Fll(0) - ^3l(-l)i^ll(-l) 

- |a'Fii(0) - ia^io(-l) - a[6,F32(l)] - 3[c,F32(l)], 

[W',i^32(l)] = -F32(-2)Foi(0)+F32(-l)i^Ol(-l) 

- F3l(-2)F32(0) + F3l(-1)^32(-1) + KE3l{-2). 

The equations of Lemma lA.51 mav be used to verify the below equivalences in N{k,0) modulo 
the C2-subspace. 
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Lemma A. 6. The following congruence relations hold in N{k,0), modulo C2{N{k,0)). 
[F32(l),n].l ={K + l)Eio{-l).l, 

[F32il),v].l = {3S32(-l)Foi(-l) + ^3i(-l)^ii(-l) + 5a^io(-l) 
+ iK + l)aEio(-l) + 6(K + l)E32(-l)Foi(-l) 
+ 3(i^ + l)i^3i(-l)i^oi(-l)}.l, 

[F32(l),u;].l = {-F32(-l)Foi(-l) - F3l(-l)^^32(-l)}.l, 

[[Fs2{l),u],u].l = {-laE3i{-l)Hioi-l) - 2E3ii-lf Fio{-l) - 2E32i-l)Esi{-l)Fn{-l) 

+ 2a£;32(-l)Foi(-l) - 2nFio(-l)}.l, 
[[Fs2{l),u],v].l = {-^E3i{-l)Hn{-l) + bE3i{-l)H2i{-l) + ^a''E,o{-l) 

- ^abEioi-l) - 3a^E32i-l)Foii-l) - 3vEwi-l) 

- 6£;3i(-l)^io(-l)^oi(-l) + 6F3i(-l)^ii(-l)i^oi(-l) 

+ 6F32(-l)^io(-l)^oi(-l) + 6F32(-l)Fii(-l)Foi(-l)}.l, 

[[F32il),v],v].l = {(|a2 - 26)(ia2 - 2b)Ew{-l) - 3aEl{-l)Eio{-l) - 3vEio{-l) 

+ 2naF3i(-l)i^io(-l) - 6?;F3i (-1)^31 (-l)^^io(-l) - 9vE3ii-l)Hoi{-l) 

+ 18cE32{-l)Foii-l) + 18F|2(-l)Foi(-l)F3i(-l)^oi(-l) 

- 2a3E32(-l)Foi(-l) + 3a6£;32(-l)i^oi(-l) 

+ 6aE3i(-l)Fn(-l)^32(-l)i^oi(-l) - QvE32{-l)Foi{-l) 

+ 3aE32(-l)^io(-l)^3i(-l)i^oi(-l) - 3vE3i{-l) 

+ 6n(£;3i(-l)'i"io(-l) + £;32(-l)£^3i(-l)i^ii(-l)}.l. 



Furthermore, 



mod C2{N{k,0)). 



[[F32(l),n],H-l = [[F32{l),viw].l = [[F32{l),wiw].l = 0, 



In the proof of Lemma [21211 we defined for each y € Bpbw a projection vr^ : U{g^) Cy, 
which sends y to itself and every other basis element to zero. Let us also denote by %(•) the 
induced projection on N{k,0). I.e., iTy : N{k,0) — > Cy.l is defined by: 

7ry{f.l)=Try{f).l, foran/GZY(g_). 
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In the final lemma of this appendix, we will compute for certain basis elements y the value of 
T^y{-) on the element F32(l).(u^v'^tt;''".l) € N{k,0) for all p,q,r & Z. Let us denote 

y{p',q') = Esi{-ir'-''"^'^''Eu{-ir'Eoi{-iy'F,o{-l) {p',q' G Z>o). 

We will then also write T^p'^q' = '^y{p',q') for all p', q' € Z>o. 

Lemma A. 7. For p',q' £ Z>0; ^et iTp'^q' ■ N(k,0) Cy{p' ,q').l he the projection defined as 
above. If p,q,r £ Z>o and r > 0, then 

{F32{l)-{uPvV.l)) = 0. 

On the other hand ifp,q € Z>0; then 



Vv(i^32(l).(uP^^'?.l)) 



-2(P)(-l)P+'2-23q y(^p-2,q).l ifp = p' + 2andq = q' 

6(^)(-l)P+''-i39-2 y{p+l,q-2).l ifp = p' -1 andq = q' + 2 
otherwise. 



Proof. Since by Lemma [Al6l [[^32(1), u], tt;] .1 = [[^32(1), w], li; ].l = [[F32{l),w],w].l = 0, mod 
C2(A^(A;,0)), it follows from ^ATDi that 

(f) QuP-'yiw^-' [[F32{l),u],w] .1 + (?) (!;)nP^;'?-ii/;'-i [[F32(l), ^;], .1 

+ QuPv'^w'-^[[Fs2{l),w],w].l ^ 0, 
mod C2(A^(fc,0)). Thus by Lemma lA.4l it follows that 

F32(l).K^;V.l) = 
(A.8) (?) uP-ii;W[F32(l),n].l + (^) n^" ^1;^ [[^32(1), n], tx] .1 

+ (?) nP^;^-V[F32(l),^;].l +(?)(?) n^'-V-V [[^32(1), u], .1 
+ {[) uPv'iw'-^[Fs2il),w].l + (I) «P^;^-2y;-[[F32(l),^^],^^].l, 

mod C2(iV(A;,0)). 

Combining (jA.SP with ()A.ip . ()A.2p . and (|A.3p . we see that 

(A.9) F32(l).(nPfV.l) = 0, mod C2(iV(fc,0)), 

whenever r > 2. Similarly, if r = 1 we have 

(A.IO) F32il).iuPv''w.l) = uPv''[F32il),w].l, 
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and in the case r = we have 
F32(l).K^;''.l) = 

(A.ll) (^) txP-V[F32(l),^].l + © nP-V[[F32(l),^.],n].l 

+ uP-\'^-'[[F,2{l),u],v].l 

mod C2(A^(A;, 0)), respectively. 

Next, notice that only two of the formulas listed in the statement of Lemma IA.6I contain 
either Fio(— 1) or 1) as a factor of one of the terms appearing on the right-hand side of the 

congruence relation. In the formula for [[^32(1), u], .1, we find the terms 

-2^3l(-l)'i^l0(-l).l - 2£;32(-l)£^3l(-l)i"ll(-l).l. 

While in the formula for [[^32(1),^],^] .1, we see the terms 

6uE3i{-l)^Fwi-l).l + 6uE32(-l)^3i(-l)i^ii(-l).l. 

And there are no other appearance of -Fio(— 1) or 1) in any of the formulas. We thus see 

from (IX8]l and that 

(A.12) 7rp/,,/(F32(l).KfV.l)) =0, mod C2(iV(A;,0)), 

whenever r > 1. Similary in the case r = 0, we may use (jA.lOp along with Lemma lA.61 to verify 
(A.13) 

-2{P){-l)P+''~^3i y{p-2,q).l if p = p' + 2 and q = q' 

7rp',g'iF32{l).{uPv'^.l)) = <j 6(^)(-l)P+'?-i3'?-2 y{p+l,q-2).l if p = p' - 1 and q = q' + 2 

otherwise, 

mod C2{N{k,0), respectively. Now since the map iTp'^q' is a projection onto a one-dimensional 
subspace of N{k, 0), which is spanned by y{p', q')-l and does not vanish modulo the C2-subspace, 
it follows that the congruence relations in ()A.12p and ()A.13P may both be replaced by equality 
in N{k,0). This completes the proof. □ 
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Appendix B. 

We provide here some results which are used in the proof of Section 4. Let us begin by recalhng 
some lemmas contained in the previous paper. 

Lemma B.l. ^^LetXeQandletYi,...,Yra^U{Q). Then 

{X^)l{Y^...Y„,)= L A{X''')LYi...{X^-^)LYm, 

{fci,...,fc™)g{Z>o)™ ^ 1 • • • 
Yj ki=n 

Lemma B.2. ^ 

(1) {E^)l{F,^) G m\Hij{Hi, - 1) • • • {H.,j - m + 1) + U{5)Eij, for all ia + j/3 G A+. 

(2) Suppose X G U{q)o, the zero-weight subspace ofU{Q). Then X G n_ if and only if 
XeU{Q)n+. 

(3) For Y G U{q) and n > r > 0, we have 

{E^^)l{F:jY) G F,jU{Q) + j^{H,, -n + r)---{H,,-n + l){Elr-)LY + U{q)E,,. 

Lemma B.3. [3] The following identities hold in U{q). First we have: 

{F3i)L[a]= Fio, 
U^ii)L[b] = F21E01 - FsiEn, 

if (-^3i)l[c] = ^31(^/32 + l)-Eoi + F32EQ1 — F|i£'32, 

iFii)L[a]= {Fl)L[b] = {F,\)l[c]=0. 

Next we have: 

{F32)L[a]= Fu, 

^(-^32)l[^] = F32E10 — F21F01, 

5! (^|2)l[c] = Fi^Esi - F32Foi(F3i + 2) - F^iF^^ 
{Fi,)L[a]= {Fi,)L[b] = {Fi,)L[c]=0. 

Lemma B.4. [3] Suppose that n,p, q,r G Z>o and n = p + 2q + 3r. Then the following hold in 
U{q): 

{E^,,F^,)L{mbncY) = (^)' {H,, - n + 1) . . . (Fio - n+p){E^, '''Fl-^)L{WW). 
{El.F^^LiWWW) ^ (^)' (^11 - n + 1) . . . (Fu - n+p){E-,-^F^-^)L{W[cn 
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'modU{g)n+, respectively. 

Let us briefly introduce some notation which wih help to simplify the statement of the final 
lemma. Recall the PBW grading on S{t)) (see e.g. \^): 

where 5(f})° = CI, S{t}y = t), and = t) 5(f))" for n G Z>i. Given / G 5(f)), we write 

deg / = n, if / G (B]=oSit)y but / ^ ©po''5(f))^'. 

Let ttq : = n_ © f) © n+ — )• f) be the projection which acts as identity on f) and sends n± to 
zero. Also denote by ttq the corresponding induced homomorphism ttq : W(s) — >■ 5(f)). 

Remark B.5. Suppose / G U{q) and wt{f) = 0, where ti't(-) denotes weight of a homogeneous 
element with respect to the grading by the root lattice Q. Then Tro{f) is the unique polynomial 
in 5(f)) which is congruent to / modulo U{Q)n+. 

We now give the final lemma of the appendix. 

Lemma B.6. Suppose m G Z>i, q,r ^ '^>o, and m = 2q + 3r. Then the following hold in 5(f)); 

(1) 7ro((i?K)L([6]'?[c]0) =0, 

(2) deg7ro((i?5^F3™)L([6]'^[cr)) < m-l. 

Proof. Since we have {F^i)L\f>\ = = by Lemma lB.31 it follows from Lemma iB.ll that 

{F^iuww) = ^^y^ mi)L[h]y {{Fi)L[c]y . 

From Lemma lR3l we also have ^{F^ijhlb] G U{Q)n+ and ;|i (-^fi )l [c] £ Since n > 0, 

either g > or r > 0. Thus {F^)l ([^]'^[c]'') = 0, mod ^/(0)n+. The first part of the lemma then 
follows from Remark IB. 51 

To prove the second equation, we first have (-^32)l[^] = {F^2)l[c\ = 0, by Lemma fB. 31 as before. 
We then also have 

{Fh)L{[hm) = (^,)7(3!)r i(^i2)L[b]y {{Fi,)L[c]Y , 

by Lemma iB.li Before proceeding further with this case, we will need an additional fact. 
Suppose m' G Z>i; m' < m; and Xi, . . . , Xm' G U{q) are basis elements from (|2.ip such that 

(B.7) wt{E^^Xi---X^,) = 0, 

with respect to the root lattice Q. Then it is not difficult to see that 

deg7ro{{E'^i)L{Xi---Xm')) < m, 
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and equality holds if and only \i m' = m and Xi = • • • = Xm = Fn. 

Prom the preceding paragraph, it is then sufficient to show the product 

(B.8) [hiFhUh])' [hiPD^W 

can be written as a linear combination of terms Xi ■ ■ ■ X^' 7^ F^l, where Xi, . . . ,Xm' satisfy 
condition ()B.7p . From Lemma IB. 3 1 we have 

(B.9) U^i2)L[b] = Fs2Eio - F21F01 

and 

51 (-^3l)i[c] = -F32£'l0 — -p32-Pbl(-f^31 + 2) — -^31-^01 

(B.IO) = Flgi^Sl — 2F32F0I — 1-^^32-^Ol-f^lO — 1-^32-^01-^^21 — -^31-^01) 

since H31 = Hiq + Hqi = |(i/io + -f^2i)- Now each term appearing in the linear combination 
()B.9P (resp. (|B.10p ) satisfies (|B.7p with m = 2 (resp. m = 3). It is then clear that the product 
(jB.SP may be written as a linear combination of terms Xi ■ ■ ■ X^' (7^ -^11 ) of the form ()B.7p with 
m = 2q + 3r. □ 

Remark B.ll. We note a correction to [3j. On page 221, the first congruence in Lemma B.14 
should read: 

(^Ii^Ii)l(W') = 4!8! (2/^21 (^11 - 1) + 2H^o{Hio - 1) - 6Foi(//oi + 1)), 

mod Z//(g)n+. Similarly on page 222, the congruence appearing in the last line of the proof of 
Lemma B.14 should also be changed accordingly. 
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